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Recently, it has been proposed that higher-spin analogues of the Kitaev interactions K > 0 may also occur in
a number of materials with strong Hund’s and spin-orbit coupling. In this work, we use Lanczos diagonalization
and density matrix renormalization group methods to investigate numerically the S = 1 Kitaev-Heisenberg
model. The ground-state phase diagram and quantum phase transitions are investigated by employing local
and nonlocal spin correlations. We identified two ordered phases at negative Heisenberg coupling J < 0:
a ferromagnetic phase with 〈Szi Szi+1〉 > 0 and an intermediate left-left-right-right phase with 〈Sxi Sxi+1〉 6= 0.
A quantum spin liquid is stable near the Kitaev limit, while a topological Haldane phase is found for J > 0.
Kitaev-Heisenberg (KH) models were fostered by an en-
deavor of achieving the Kitaev physics in transition metal ox-
ides [1]. A continuing interest of bond-directional interac-
tions is motivated by topological quantum computing [2], es-
pecially after Kitaev proposed an exactly solvable model of
frustrated quantum spins S = 1/2 on a two-dimensional (2D)
honeycomb lattice with bond-directional interactions [3]. The
Kitaev model was initially treated as a mathematical model
describing a topological quantum spin liquid (QSL) ground
state (GS) and Majorana excitations, until Jackeli and Khali-
ullin [4] demonstrated that the bond-directional interactions
could be realized in Mott insulators with strong spin-orbit
coupling. This innovative concept initiated intense theoreti-
cal and experimental search for the S = 1/2 Kitaev QSLs in
solid state materials [5]. It has been found that other inter-
actions, such as the isotropic Heisenberg and/or off-diagonal
exchange terms contribute [6–9], and real systems do not re-
alize the QSL.
The 2D model appears difficult to analyze and its phase dia-
gram has a QSL in the Kitaev limit [10, 11], but even the one-
dimensional (1D) version of it has several interesting quan-
tum phase transitions (QPTs) [12]. A spin-1/2 1D variant of
KH model was defined on a chain, in which two types of
nearest-neighbor Kitaev interactions sequentially switch be-
tween Sxi S
x
i+1 on odd and S
y
i S
y
i+1 on even bonds next to uni-
form Heisenberg interactions. The GS phase diagram of spin-
1/2 KH model was depicted using the density matrix renor-
malization group (DMRG) and exact diagonalization (ED)
methods [12]. Much attention has been paid to the Kitaev
limit [13–20]. The two-spin correlation functions are found to
be extremely short-ranged [21, 22], indicating a QSL state.
Recently it was realized that S = 1 KH model could be
designed by considering strong Hund’s coupling among two
electrons in eg orbitals and strong spin-orbit coupling (SOC)
at anion sites [23]. However, relatively little is known about
the magnetic properties and particularly the elementary exci-
tation spectrum for higher S the theoretical investigation on
the effect of Heisenberg exchange in the Kitaev chain. It has
been realized long after Haldane’s pioneering work [24, 25]
that spin models with integer or half-odd integer S are qual-
itatively different. The Ne´el state is favored by Heisenberg
antiferromagnetic (AFM) term for half integer spin S, while
cannot play a similar role when S is an integer.
It is recognized that the GS of the S = 1 Heisenberg an-
tiferromagnet belongs to the Haldane phase, which is sepa-
rated from all excited states by a finite spin gap [26], and thus
two-spin correlation is quenched. The underlying physics of
Haldane chains is fairly well understood both in theory and
experiments. The Haldane phase of spin-1 XXZ AFM chains
was proposed in trapped ions systems [27]. For instance, a
hidden Z2 × Z2 symmetry breaking takes place [28, 29] and
hence the string order parameters are nonzero in both x- and
z-directions [30, 31]. When the Kitaev interaction is taken
into account, the spin chains only have a Z2 parity symmetry
corresponding to the rotation of pi around a given axis [32].
If the Z2 symmetry in the GS is broken, whether the string
order parameter along the given axis becomes nonzero is un-
clear [33]. Therefore, it is also an interesting issue to explore
the existence of the string correlators in spin-1 chains with
lower symmetries than Heisenberg chain. The phase diagram
of spin-1 generalized Kitaev chain (also dubbed as compass
model in the literature) were also investigated [34]. The GS
properties and the low-energy excitations of spin-1 KH mod-
els are elusive and deserve a careful investigation.
The purpose of this paper is twofold. First, we would like
to obtain the GS phase diagram and discuss the QPTs in the
1D spin-1 KH model. Second, while some differences in the
structure of the invariants between the models with half-odd
integer and integer spins have been pointed out [35], the is-
sue of whether there are systematic differences in the nature
of the low-energy spectrum is open [36]. The main result of
our study is that the GS of the spin-1 KH chain with periodic
boundary conditions (PBCs) changes from the QSL to the left-
left-right-right (LLRR) (Haldane) phase for J <0 (J >0), see
Fig. 1(a). Both phases are unique for the S = 1 1D KH
model and we employ the ED and the DMRG. In the DMRG
simulations, we keep up to m = 500 eigenstates during the
basis truncation and the number of sweeps is n = 30. These
conditions guarantee that the simulation is converged and the
truncation error is smaller than 10−7.
ar
X
iv
:2
00
9.
14
15
9v
1 
 [c
on
d-
ma
t.s
tr-
el]
  2
9 S
ep
 20
20
2In the present paper we deal with a spin-1 KH chain,
Hˆ = HˆK + HˆJ , (1)
HˆK = K
N/2∑
j=1
(
Sx2j−1S
x
2j + S
y
2jS
y
2j+1
)
, (2)
HˆJ = J
N∑
j=1
Sj · Sj+1. (3)
Here Sj = {Sxj , Syj , Szj } are the spin-1 operators at site j, and
N is the total number of sites. The parameters {K,J} stand
for the Kitaev and Heisenberg exchange coupling. Hereafter,
we set K ≡ 1. We deal with spin-1 operators in a special rep-
resentation, Sαbc = iabc, i.e., {Sx, Sy, Sz} are given by: 0 0 00 0 −i
0 i 0
 ,
 0 0 i0 0 0
−i 0 0
 ,
 0 −i 0i 0 0
0 0 0
 . (4)
Spin operators {Sαj } at site j in Eq. (1) obey the SU(2) al-
gebra, [Sαi , S
β
j ] = iδijαβγS
c
j , with the totally antisymmetric
tensor  and (Sj)2 = S(S + 1) = 2.
First we consider the Kitaev limit in Eq. (1), i.e., J = 0.
Then the global spin rotation SU(2) symmetry is not con-
served. We can write the spin operators in HˆK in terms of
the ladder operators S±j ≡ Sxj ± iSyj , and one finds that
[Szj , S
±
j ] = ±S±j , i.e., the Ising terms in Eq. (2) change the
total pseudospin zth component at both odd x-link and even
y-link by either 0 or±2. A site parity operator is Σαj = eipiS
α
j ,
i.e., {Σx,Σy,Σz} are given by the diagonal matrices that sat-
isfy Σαj =1−2(Sαj )2 and ΣxjΣyjΣzj = I , where I is an identity
matrix. The Hamiltonian in Eq. (2) has a global discrete sym-
metry with respect to rotation by an angle pi about the x, y, z
axes, i.e.,
∏
j Σ
α
j , present in the dihedral group D2. The time
reversal symmetry, i.e., Sx,y,zj → −Sx,y,zj , and the spatial in-
version symmetry, i.e., Sx,y,zj → Sx,y,zN+1−j , are also respected.
Furthermore, one finds all {Σαj } matrices commute with
each other. In addition, Σαj commutes with S
α
j but anticom-
mutes with Sβj (α 6=β), i.e., {Σαj , Sβj }= {exp(ipiSαj ), Sβj }=
0. In this regard, the bond parity operators on odd/even bonds,
W2j−1 = Σ
y
2j−1Σ
y
2j , W2j = Σ
x
2jΣ
x
2j+1, (5)
define the invariants of the Hamiltonian in Eq. (2) and eigen-
values of Wj are ±1. It can be verified that [Wj ,Wk] = 0,
[Wj , HˆK] = 0. The GS of HˆK lies in the sector with all
Wj = 1 which can be proved by applying the reflection pos-
itivity technique in the spin-1/2 counterpart [15]. In the GS
sector, the system can be mapped to a single qubit-flip model
with nearest neighbor exclusion represented by the effective
Hamiltonian [36]:
H˜K,GS =
1
4
∑
j
(
1− σzj−1
)
σxj
(
1− σzj+1
)
. (6)
At J=0 the spectrum is gapped (∆ > 0) and the first excited
state is N -fold degenerate, corresponding to one Wj = −1
defect in the Wj = 1 sector. The energy gap is insensitive
to the system size, see Fig. 1(c), and remains finite in the
thermodynamic limit, ∆ = 0.1764. Below we show that the
Kitaev QSL phase survives in a finite range of coupling J .
In the case of open boundary conditions (OBCs) the GS
is fourfold degenerate. We consider a finite system with the
OBC in the ED method. It is easy to show that for chains
with OBCs the GS energy per site el0 ≡ E0(N)/N [per bond
eu0 ≡ E0(N)/(N − 1)] gives a lower (upper) bound for
the GS energy of an infinite chain [37]. The N -dependence
of the GS energy e0(N) = E0/N can be fitted to the form
e0(N) = e(∞) + c/N , where c is independent of N . Indeed,
log |e0(N)− e(∞)| gives e(∞)≈−0.6029, see Fig. 1(b).
According to Ginzburg-Landau theory, a well defined order
parameter is a vital ingredient for characterizing the quantum
phase. In order to characterize the Kitaev phase and the QPTs
at J 6= 0, we calculate the two-point spin correlations,
Cα(i, j) = 〈Sαi Sαj 〉, α = x, y, z, (7)
where i and j specify the positions of the initial and final sites,
respectively. Accordingly, r = |j − i| measures the separa-
tion between the two sites. Similar to its spin-1/2 counter-
part, the two-point correlators precisely vanish beyond nearest
neighbors due to the Z2 symmetry, sharing many of the same
properties and phenomenology of the spin-1/2 Kitaev honey-
comb model [5]. The pure spin-1 Kitaev chain hosts only two
nearest neighbor AFM orders Cx(2i − 1, 2i) on x-links and
Cy(2i, 2i+ 1) on y-links, as is shown in Fig. 2(a).
Next we turn on a nonzero perturbations ∝ J , which could
undermine the conservation of local quantities characteristic
of the Kitaev model. We assume that such interactions are of
Heisenberg type, as suggested by possible solid state appli-
cations. We then make a comprehensive study on the phase
diagram of the KH Hamiltonian in its full parameter space,
using a combination of extensive analytical, DMRG and ED
1/N
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FIG. 1. (a) Schematic phase diagram of the KH model with
K = 1; (b) finite size scaling of the energy density for OBC
and J = 0; (c) the energy gap for system sizes ranging from
N=12 to N=100. The blue and red symbols in (b) repre-
sent the GS energy of HˆK per site and per bond, respectively.
The linear fits correspond to e0(N)= −0.3326/N − 0.6024 and
e0(N)= −0.3136/N − 0.6034. The green dashed line is e0(∞).
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FIG. 2. (a) Two-point spin correlators Cα(i, j) (7) and (b) the dimer
order parameter Dα (8). Parameters: increasing J and N = 60.
calculations. It was reported that spin-1 Kitaev honeycomb
model in candidate materials, such as honeycomb Ni oxides
with heavy elements of Bi and Sb, is accompanied by a finite
ferromagnetic (FM) Heisenberg interaction. The Kitaev QSL
is stable in a range of |J |/K > 0.08 [38] and infinitesimal J
does not destabilize it.
It is widely recognized that the GS has a qualitative differ-
ence between an integer and half-odd integer spin-S models.
For S = 1/2, the Kitaev GS is 2N/2−1-fold degenerate and
such macroscopic degeneracy makes it fragile. Accordingly,
an infinitesimal Heisenberg coupling is sufficient to lift the GS
degeneracy and to generate magnetic long-range order in the
compass-Heisenberg model, either FM or AFM one [39] when
the Heisenberg interactions spoil the Z2 symmetry associated
with each bond. It is worth noting that the low-lying excited-
state energy level crossings at J = 0 takes place, which plays
an analogous role in the J1-J2 Heisenberg chain [40]. Al-
though the second-order derivative of energy density and the
normalized fidelity susceptibility exhibit a local peak, the peak
declines with increasing system size N .
The Hamiltonian is invariant under a rotation around the
z-axis by an angle pi/2 (i.e., Sxj → Syj , Syj → −Sxj ) and
a translation by one lattice site with i → i + 1. The com-
bination of rotation and translation symmetries imply that
Cx(1, 2) = Cy(2, 3), Cy(1, 2) = Cx(2, 3), and Cz(1, 2) =
Cz(2, 3), which are confirmed in Fig. 2(a). A small Heisen-
berg coupling can induce other correlations, especially such as
〈Sy2i−1Sy2i〉 and 〈Sx2iSx2i+1〉. As shown in Fig. 2(b), the bond-
directional order in the Kitaev QSL phase can be captured by
the dimer order parameter,
Dα = ||Cα(2i− 1, 2i)| − |Cα(2i, 2i+ 1)|| . (8)
We have verified that the finite-size effects are negligible.
When J varies, the competing correlations will trigger mis-
cellaneous phase transitions. For FM Heisenberg exchange
interaction J < 0, the dominating x-component correlations
have a negative (positive) sign on odd (even) bonds, evincing
the system develops the LLRR spin order, see Fig. 2(a). This
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FIG. 3. The correlation between site 1 and site i for increasing dis-
tance r ≡ |i − 1| for four representative points in different phases
(Fig. 1): (a) J = −1; (b) J = −0.2; (c) J = −0.03, and (d) J = 1.
Here we use the PBCs for N = 60.
is similar to the GS spin configuration in the ANNNI model,
in which the nearest neighbor interactions favor the FM align-
ment of neighboring spins while interactions between the next
nearest neighbors foster antiferromagnetism. For J ' −1, the
Cz(i, j) correlations dominate and FMz GS is found, see Fig.
3(a). When J increases from J =−1 to J = 0, the chain un-
dergoes two successive second-order QPTs at Jc1'−0.6 and
Jc2'−0.08 (Fig. 1). Figure 3 confirms that spin correlations
are crucial and identify QPTs shown in Fig. 1(a).
On the other hand, the GS of Eq. (3) with AFM couplings
(J > 0) is a topological phase predicted by Haldane [41],
which has a finite excitation gap ∆ = 0.41J and exponen-
tially decaying spin correlation functions. More precisely,
since the edge states have a finite length for an open chain,
the splitting in the lowest energies is exponentially small for
longer chains, resulting in fourfold quasidegenerate GSs be-
low the Haldane gap [42]. It is well known that this phase
cannot be characterized by any local symmetry-breaking order
parameter. In view of the analogy of GS degeneracy of spin-1
Kitaev and Heisenberg models, a natural question is whether
the GS of the Kitaev chain can be adiabatically connected to
the Haldane phase without going through a phase transition.
The topological nature of the Haldane phase becomes espe-
cially clear after Affleck, Kennedy, Lieb, and Tasaki (AKLT)
proposed the exactly solvable AKLT model [43], whose GS
exhibits intriguing properties, such as a nonlocal string order
and 22 edge states composed of two free S = 1/2 spinons.
Thus, we investigate the string order parameter [30],
Oα(l,m) =
〈
Sαl exp
(
ipi
m−1∑
k=l+1
Sαk
)
Sαm
〉
, (9)
whose limiting value Oαs = lim|l−m|→∞{−Oα(l,m)}, re-
veals the hidden symmetry breaking, where the |1〉 (|-1〉)
states alternate diluted by arbitrary strings of |0〉. Here |m〉
is an eigenstate of Sα with an eigenvalue m = −1, 0, 1.
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FIG. 4. (a) Two-point correlation Cz (7) and the string order param-
eter Ox (9) between sites 1 and 50 for N = 100 and J ∈ (−1, 1);
(b) The string order parameterOx (9) between sites 1 andN/2 in the
Haldane phase (J > 0). Inset amplifies the region close to J = 0.
Applying the Kennedy-Tasaki (KT) transformation [44],
UKT =
∏
j<k exp
(
ipiSzj S
x
k
)
, one transforms the diluted
AFM phase into the phase containing only |0〉 and |1〉 or
only |0〉 and |−1〉 states, and converts the nonlocal string
order into the local FM order. In this regard, Eq. (3) is
transformed into a Hamiltonian with short-range interactions,
H˜J = −J
∑N
i
(
Sxi S
x
i+1 + S
y
i S
y
i+1Σ
z
iΣ
x
i+1 + S
z
i S
z
i+1
)
. Note
that exp(ipiSαj )S
α
j = −Sαj . The KT transformation can trans-
form a Hamiltonian into an equivalent one with a minus sign,
which indicates the FM order along either x- or z-axes, result-
ing in Z2 × Z2 symmetry breaking. In this case, the nonlocal
string observable for H˜J , Oα(l,m) in Eq. (9), becomes the
two-point correlations Cα(l,m) (α = x, z) in Eq. (7) of the
transformed Hamiltonian.
Note that in terms of the KT transformation, Eq. (2)
is H˜K = −K
∑N/2
i=1
(
Sx2i−1S
x
2i + S
y
2iS
y
2i+1Σ
z
2iΣ
x
2i+1
)
. This
suggests that the phase diagram of the KH model with FM
Kitaev K < 0 is similar to the one of the KH model with
AFM Kitaev K > 0 and transformed spin correlations, i.e.,
H(−K,−J) ∼ H(K,J). Furthermore, the spatial inversion
symmetry, the time-reversal symmetry, and the dihedral D2
symmetry are preserved. In this sense, the Haldane phase
is still robust as a topological phase and protected by these
symmetries [45, 46]. Finite correlation Cz(1, 50) or finite
string order parameter Ox(1, 50) between sites 1 and 50 on a
N=100 lattice with PBC indicate the FMz (LLRR) phase for
J <Jc1 (J >Jc1), see Fig. 4(a). A positive (negative) sign of
Ox(1, N/2) for N = 60, 100 (N = 40, 80, not shown) agree
with the periodicity of a multiple of 4 in the LLRR phase.
When J > 0 increases, a QPT occurs from the Kitaev QSL
phase to the Haldane phase [47], see Fig. 4(b). Here finite
x-correlations 〈Sx1Sxi 〉 occur above Jc3≈0.08, see Fig. 3(d)].
The QPT at Jc3 is continuous and moves rightwards for in-
creasing N , see the inset of Fig. 4(b). A more precise deter-
mination of the stability range of the QSL and of the critical
point Jc3 requires calculations on larger systems.
In summary, we characterize the ground-state properties of
the Kitaev-Heisenberg S = 1 chain by the local and nonlocal
correlations and identify four distinct phases for J ∈ (−1, 1).
For large negative J , the FMz order is favored; increasing
value of J gives a transition to an intermediate LLRR phase.
These spin correlations vanish beyond the second phase tran-
sition when J approaches the Kitaev limit. In stark contrast
to the gapless QSL of the S = 1/2 Kitaev chain, the S = 1
chain supports a gapped QSL near J = 0. It is characterized
by the short-range correlations and the dimer order parame-
ter (8). Further increase of J suppresses the dimer order and
gives a valence bond solid with the singlets oriented along the
x-direction as inferred from finite string order parameter Ox,
the Haldane phase. It is robust against the Kitaev interactions
since it is protected by the combination of the spatial inver-
sion symmetry, the time-reversal symmetry, and the dihedral
D2 symmetry. It maintains its topological character in a range
of J > 0—and cannot evolve adiabatically to other phases.
The ground-state properties in the presence of anisotropy
in the Kitaev interactions and Heisenberg exchange interac-
tions deserve further studies. It is also an interesting future
issue to investigate possible phase transitions caused by the ef-
fect of non-Kitaev interactions, such as off-diagonal exchange
interactions, which have been extensively investigated in a
few candidate materials of the Kitaev magnets: A2IrO3 [6],
α-RuCl3 [48–54], β-LiIrO3 [55–58], K2IrO3 [59].
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